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GENERALIZED HOMOTOPY THEORY IN CATEGORIES WITH
A NATURAL CONE
FRANCISCO J. DI´AZ AND JOSE´ M. G. CALCINES
Abstract. In proper homotopy theory, the original concept of point used
in the classical homotopy theory of topological spaces is generalized in or-
der to obtain homotopy groups that study the infinite of the spaces. This
idea: “Using any arbitrary object as base point” and even “any morphism
as zero morphism” can be developed in most of the algebraic homotopy theo-
ries. In particular, categories with a natural cone have a generalized homotopy
theory obtained through the relative homotopy relation. Generalized homo-
topy groups and exact sequences of them are built so that respective classical
pointed ones are a particular case of these.
1. Introduction
The main problem to build a homotopy theory based on the concept of cone
object is to define the homotopy relation between morphisms through the notion of
nullhomotopic morphism. In additive categories this problem can be solved using
the addition of morphisms in the category, and generalizing the injective homotopy
theory defined by Eckmann and Hilton [Hi] for R-modules. Algebraic theories in
this sense were created by H. Kleisli [Kl] and J. A. Seebach [S]. Also, S. Rodr´ıguez-
Mach´ın gives an algebraic homotopy theory based on a cone functor in additive
categories, without using injective objects, that contains the injective homotopy
theories mentioned above as particular cases [P-]. A generalization to arbitrary
categories has been given by S. Rodr´ıguez-Mach´ın and the first author of this paper
in [D-]: Identifying the notion of dual standard construction given by P. J. Huber
[Hu] with the concept of cone, and adapting the axioms given by H. J. Baues about
cofibrations in Categories with a Natural Cylinder [B] to a cone object obtained
by collapsing the base of the cylinder to a single point. The algebraic homotopy
theory in this way defined attains that classical homotopy theory of the topological
spaces and pointed topological spaces can be developed using their respective cones.
Also the proper homotopy theory of the topological spaces can be developed in this
sense, through a cone functor.
Finally, in categories with a natural cylinder in the sense of Baues, the cone
functor obtained by collapsing, using pushout diagrams, the base of the cylinder
functor to a single point gives the same homotopy theory that the cylinder functor.
In order to study the infinite of topological spaces, the proper homotopy theory
defines several homotopy groups using different spaces as base point. So, the Brown
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homotopy groups [Br] can be defined using a sequence of points a base point, and
the Steenrod homotopy groups [C] use spaces based on a base ray. H.J. Baues uses
trees as base point of the spaces to create a proper homotopy theory [?] [B3]. These
facts suggest a more general concept of base point in homotopy theory. Moreover, in
many theories homotopy groups and exact sequences of them can be defined using
arbitrary objects and morphisms as base point and zero morphism, respectively.
These homotopy theories are called generalized.
A generalized homotopy theory can be defined in categories with a natural cone
using relative homotopy: Generalized homotopy groups are homotopy groups rel-
ative to a cofibration based on a morphism. Also, generalized exact homotopy
sequences of these groups are given. In this way, when the category is pointed, the
classical homotopy theory is a generalized homotopy theory based on a point.
Finally, fixed an object as base point in a category with a natural cone, a gener-
alization of the process used to obtain spheres beginning with a point in topological
spaces allows one to define spheres beginning with the fixed object.
We point out that the main results of this paper were already announced in
[D-1].
2. Notation and preliminaries
The following categorical notation will be useful in the interpretation of this
paper.
Given functors B
E
→ C
F,G
−→ D
H
→ E and a transformation t : F → G, then the
transformations t ∗ E : FE → GE and H ∗ t : HF → HG will be denoted by tE
and Ht, respectively. When there is not a possibility of confusion, the morphism
tX : FX → GX will be simply denoted by t, for every object X .
The pushout object of two morphisms f and g will be denoted by P{f, g}. The
induced morphisms will be denoted by f : codom g → P{f, g} and g : codom f →
P{f, g}. Given a morphism f , if the notation f has been used, f˜ will denote other
induced morphism by f in a pushout. In particular, if f = g then f and f˜ will
denote the morphisms f and g, respectively.
Given morphisms r and s verifying rf = sg, the unique morphism h such that
hg = r and hf = s will be denoted by {r, s}. If codom f (resp. codom g)
is a pushout object, the component r (resp. s) has an expression like {r1, r2}
(resp. {s1, s2}). Frequently, in this case, the morphism {r, s} = {{r1, r2}, s} (resp.
{r, {s1, s2}}) will be denoted by {r1, r2, s} (resp. {r, s1, s2}). In this way, expres-
sions of the type {h0, h1, ..., hn} can appear.
Given two pushout objects P{f, g} and P{f ′, g′}, and three morphisms r :
codom f → codom f ′, s : codom g → codom g′ and t : dom f = dom g →
dom f ′ = dom g′ verifying rf = f ′t and sg = g′t, we will denote the unique
morphism {g′r, f ′s} by r ∪ s. If there is not possibility of confusion, expressions of
the type h0 ∪ h1 ∪ ... ∪ hn will be used.
Finally, the set of extensions of a morphism u : B → X relative to other mor-
phism i : B → A is defined by Hom(A,X)u(i) = {f : A→ X / fi = u}
Next we recall some concepts given in [D-] relative to a category with a natural
cone.
Definition 2.1. A category with a natural cone, or C-category, is a category C
together with a class “cof” of morphisms in C, called cofibrations and denoted
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by ֌, a functor C : C → C which will be called the cone functor, and natural
transformations κ : 1→ C and ρ : CC → C, denominated inclusion and projection
respectively, satisfying the following axioms:
C1. Cone axiom. ρκC = ρCκ = 1C and ρρC = ρCρ.
C2. Pushout axiom. For any pair of morphisms A
i
֋ B
f
→ X, where i is a
cofibration, there exists the pushout square
B
f
//

i

X

i

A
f
// P{i, f}
and i is also a cofibration. The cone functor carries this pushout diagram
(called cofibrated pushout) into a pushout diagram, that is C(P{i, f}) =
P{Ci, Cf}.
C3. Cofibration axiom. For each object X the morphisms 1X and κX are
cofibrations. The composition of two cofibrations is a cofibration. Moreover,
there is a retraction for the cone of each cofibration. This last property is
called nullhomotopy extension property (NEP).
C4. Relative cone axiom. Given a cofibration i : B ֌ A, the morphism
i1 = {Ci, κ} : Σ
i = P{κ, i} ֌ CA is also a cofibration. The object Σi is
called relative cone of i.
Note that isomorphisms and cones of cofibrations are also cofibrations.
Given a cofibration i, for each non-negative integer n one defines in = (in−1)1,
with i0 = i.
Theorem 2.2. Given the commutative cubical diagram
X
g
//

γ

f
~~⑥⑥
⑥
⑥
⑥
⑥
⑥
⑥
Z

β

f
zz✈✈
✈
✈
✈
✈
✈
✈
✈
Y
g
//

α

P{f, g}

α∪β

X ′
g′
//
f ′
~~⑥⑥
⑥
⑥
⑥
⑥
⑥
⑥
Z ′
f ′
zz✈✈
✈
✈
✈
✈
✈
✈
✈
Y ′
g′
// P{f ′, g′}
where the top and bottom faces are pushouts and α, β, γ are cofibrations. If {g′, β} :
P{γ, g} → Z′ or {f ′, α} : P{γ, f} → Y′ is a cofibration then so is α ∪ β.
Definition 2.3. A morphism f : X → Y is said to be nullhomotopic (f ≃ 0) if
there exists an extension F : CX → Y of the morphism f relative to the cofibration
κX . F is called a nullhomotopy for f (F : f ≃ 0).
An object X is said to be contractible (X ≃ 0) when 1X ≃ 0.
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So a morphism is nullhomotopic if and only if it may be factored through a
contractible object. Hence the nullhomotopy extension property can be also stated
in terms of nullhomotopy:
Theorem 2.4 (NEP). Given a morphism i : B → A, the following sentences are
equivalent:
a) The morphism i verifies NEP.
b) Every nullhomotopic morphism f : B → X has a nullhomotopic extension
rel. i.
c) Every nullhomotopic morphism f : B → X has an extension rel. i.
d) The inclusion κ : B → CB has an extension rel. i.
Definition 2.5. A cofibration i : B ֌ A is said to be contractible when B and
A are contractible objects. These cofibrations will be the contractible objects in the
category of pairs.
Observe that pushout objects of two contractible cofibrations are contractible
objects. Hence if i is contractible then in and Σ
in−1 so are, for each natural number
n.
Definition 2.6. Given a cofibration i : B ֌ CA and two morphisms f0, f1 : CA→
X, f0 is said to be homotopic to f1 relative to the cofibration i (f0 ≃ f1 rel. i)
if there exists an extension F : C2A → X of the morphism {f0ρCi, f1} relative
to the cofibration i1. F is called homotopy from f0 to f1 relative to i, in symbols
F : f0 ≃ f1 rel. i.
Remark 2.7. The homotopy relation relative to a cofibration i is an equivalence
relation compatible with the composition of morphisms in the following sense:
- If F : f0 ≃ f1 rel. i then fF : ff0 ≃ ff1 rel. i.
- Given a commutative square (Cf)i = jg, if F : f0 ≃ f1 rel. j then FC
2f :
f0Cf ≃ f1Cf rel. i. If the commutative square is a pushout then f0 ≃ f1
rel. j if and only if f0Cf ≃ f1Cf rel. i.
The quotient set Hom(CA,X)u(i)/≃ will be denoted by [CA,X ]u(i), where u =
f0i = f1i.
The following property is fundamental to obtain to obtain equalities among
morphisms save homotopy.
Theorem 2.8. If X or i is contractible then f0 ≃ f1 rel. i if and only if f0i = f1i.
Definition 2.9. A C-category is said to be pointed if every object X is cofibrant
(that is, the initial morphism ∅X : ∅ → X is a cofibration) and C∅ = ∅. In pointed
categories the initial object is denoted by ∗ and it is called point.
If X and Y are objects of a pointed C-category, then X ∨ Y will denote the
pushout object P{∗X , ∗Y }. Note that C(X ∨ Y ) = CX ∨ CY . If X ≃ 0 and
Y ≃ 0 then X ∨ Y ≃ 0. If i : B ֌ A and i′ : B′ ֌ A′ are cofibrations then
i ∨ i′ : B ∨B′ → A ∨ A′ so is.
Remark 2.10. [CA ∨ CA′, X ]{u,u
′}(i∨i′) ∼= [CA,X ]u(i) × [CA′, X ]u
′(i′)
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3. Generalized Homotopy Groups
In this section the homotopy groupoid relative to a cofibration i : B ֌ CA of
an object X, Hi(X), is built in order to define the first homotopy group, pi
i
1(X,h),
relative to a cofibration i based on a morphism h : CA → X . Then higher homo-
topy groups are defined as first homotopy groups relative to iterated cofibrations:
piin(X,h) = pi
in−1
1 (X,hρ
n−1).
Finally, main properties about the functorial character of these groups, and their
relation with coproducts and contractible objects or cofibrations are studied.
The following commutative square is fundamental to obtain the groupoidHi(X):
Σi
ρ(Ci)∪1
//

i1

P{i, i}

κ

C2A
µ
// CP{i, i}
µ is an extension of the morphism κρ(Ci) ∪ κ relative to the cofibration i1.
Given f0, f1 ∈ Hom(CA,X),Hi(f0, f1) will denote the homotopy bracket [C2A,X ]{f0ρCi,f1}(i1).
If F,G ∈ Hom(C2A,X){f0ρCi,f1}(i1), then F and F ∗G will denote the morphisms
{F, f0ρ}µ and {F ,G}µ, respectively.
Lemma 3.1. µ∗ : [P{Ci, Ci}, X ]{f0,f1}(κ) → Hi(f0, f1) is a bijection.
Proof. (µ∗)−1 : Hi(f0, f1) → [P{Ci, Ci}, X ]{f0,f1}(κ) is defined by (µ∗)−1([F ]) =
[{f0ρ, F}].
- µ∗ is well defined. If F : F0 ≃ F1 rel. κ then Fν : F0µ ≃ F1µ rel. i1, where
ν is an extension of the morphism {(Cκ)µρ(Ci1), κµ} relative to i2.
- (µ∗)−1 is well defined. If F : F0 ≃ F1 rel. i1, then {f0ρ2, F} : {f0ρ, F0} ≃
{f0ρ, F1} rel. κ.
- (µ∗)−1µ∗ = 1. {FCρ, {Fρ,Gρ}Cµ} : {F,G} ≃ {f0ρ, {F,G}µ} rel. κ.
- µ∗(µ∗)−1 = 1. {f0ρ2, Fρ}Cµ : F ≃ {f0ρ, F}µ rel. i1.

Theorem 3.2. Hi(X) is a groupoid, with objects Hom(CA,X); morphisms from
f0 to f1, Hi(f0, f1); identities 1f = [fρ]; inverse morphisms [F ]
−1 = [F ]; and
composite morphisms [F ].[G] = [F ∗G].
Proof. Remark 1: If F : F0 ≃ F1 rel. i1 and G : G0 ≃ G1 rel. i1 then {F,G} :
{F0, G0} ≃ {F1, G1} rel. κ.
- Inverse morphisms are well defined: If [F0] = [F1] ∈ Hi(f0, f1), by Remark
1 {F0, f0ρ} ≃ {F1, f0ρ} rel. κ. By Lemma 3.1 [F0] = [F1] in Hi(f1, f0).
- Composite morphisms are well defined: If [F0] = [F1] ∈ Hi(f0, f1) then
[F0] = [F1]. Moreover, if [G0] = [G1] ∈ Hi(f1, f2), by Remark 1 {F0, G0} ≃
{F1, G1} rel. κ. By Lemma 3.1 [F0 ∗G0] = [F1 ∗G1] ∈ Hi(f0, f2).
Remark 2: By lemma 3.1 and the definition of inverse morphism, [fρ]−1 = [fρ]
for every f : CA→ X .
- Left homotopy identity property: If [F ] ∈ Hi(f0, f1), by Remarks 1, 2 and
Lemma 3.1 [f0ρ ∗ F ] = [F ].
- Right homotopy identity property: If [F ] ∈ Hi(f0, f1), then {{Fρ, f0ρ2}Cµ, FCρ} :
{f0ρ, F} ≃ {{F, f0ρ}µ, f1ρ} rel. κ. By Lemma 3.1 [F ] = [F ∗ f1ρ].
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Remark 3: [F ] = [F ], for every [F ] ∈ Hi(f0, f1), since F = F ∗ f1ρ.
- Right homotopy inverse property: If [F ] ∈ Hi(f0, f1), then {FCρ, FCρ} :
{F , F} ≃ {f0ρ, f0ρ} rel. κ. By Remark 2 and Lemma 3.1 [F ∗ F ] = [f0ρ].
- Left homotopy inverse property: Since the composition of morphisms is well
defined, by Remark 3 and the right homotopy inverse property [F ∗ F ] =
[F ].[F ] = [f1ρ].
Remark 4: If [F ] ∈ Hi(f0, f1) and [G] ∈ Hi(f1, f2) then {{Fρ,Gρ}Cµ, FCρ} :
{G,F} ≃ {{F,G}µ, f0ρ} rel. κ. By Remarks 1, 3 and Lemma 3.1 [G∗F ] = [F ∗G].
Remark 5: If [F ] ∈ Hi(f0, f1), [G] ∈ Hi(f1, f2) and [H ] ∈ Hi(f1, f3) then
{{Hρ, Fρ}Cµ, {Hρ,Gρ}Cµ} : {F ,G} ≃ {{H,F}µ, {H,G}µ} rel. κ. By Remarks
1, 3, 4 and Lemma 3.1 [F ∗G] = [(F ∗H) ∗ (H ∗G)].
- Homotopy associative property: If [F ] ∈ Hi(f0, f1) , [G] ∈ Hi(f1, f2) and
[H ] ∈ Hi(f1, f3), by the left homotopy identity property and Remark 5
H = [f0ρ ∗H ] = [(f0ρ ∗G) ∗ (G ∗H)] = [G ∗ (G ∗H)]. So [(F ∗G) ∗H ] =
[(F ∗G)∗ (G∗ (G∗H))] = [F ∗ (G∗H)] since the composition of morphisms
is well defined and by Remark 5.

Definition 3.3. The n-th homotopy group relative to a cofibration i : B֌ CA of
an object X based on a morphism h : CA→ X is
piin(X,h) = Hin−1(hρ
n−1, hρn−1), n ∈ N
Given a cofibration i : B ֌ A and a morphism h : CA → X, since piin(X,h) =
piisn−s(X,hρ
s) the (n+1)-th homotopy group relative to a cofibration i : B ֌ A of
an object X based on a morphism h : CA→ X is
piin+1(X,h) = pi
i1
n (X,h)
Observe that piin(X,h) = [C
nA,X ]hρ
nin(in).
By Theorem 2.8, if X or i are contractible then piin(X,h) = {0} for all n.
The compatibility of the homotopy relation with the composition of morphisms
(Remark 2.7) gives functorial character to the homotopy groups:
Proposition 3.4. If f : X → Y is a morphism then f∗ : piin(X,h)→ pi
i
n(Y, fh) is
a homomorphism of groups.
Proof. It is clearly seen that f∗([F ].[G]) = f∗([F ∗G]) = [(fF ) ∗ (fG)].

Proposition 3.5. If fi = gj is a is a commutative square relating cofibrations i
and j then (Cnf)∗ : pijn(X,h)→ pi
i
n(X,h(Cf)) is a homomorphism of groups.
Proof. (Cnf)∗([F ].[G]) = (Cnf)∗([F ∗ G]) = [(F ∗ G)Cnf ] = [(FCnf) ∗ (GCnf)]
since µjn(C
nf)in = (C
nf ∪ Cnf)µinin, and by Theorem 2.8 µjn(C
nf) ≃ (Cnf ∪
Cnf)µin rel. in.

Corollary 3.6. If fi = gj is a pushout diagram then (Cnf)∗ is an isomorphism
of groups.
In pointed categories with a natural cone, the relation between coproducts and
products in homotopy groups is a consequence of Remark 2.10:
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Proposition 3.7. pii∨i
′
n (X, {h, h
′}) ∼= piin(X,h) ∨ pi
i′
n (X,h
′).
Proof. Observe that P{κ, i ∨ i′} = P{κ ∨ κ, i ∨ i′} = P{κ, i} ∨ P{κ, i′}, where
i ∨ i′ = i∨i′ and κ = κ ∨ κ = κ∨κ. Hence (i∨i′)n = in∨i′n, and so that µin∨µi′n is an
extension of the type µ(i∨i′)n . Therefore [{F, F
′}].[{G,G′}] = [{F, F ′} ∗ {G,G′}] =
[{F ∗G,F ′ ∗G′}].

Classical homotopy groups in pointed categories with a natural cone are gener-
alized homotopy groups in the following sense:
piAn (X)
∼= pi∗An (X, 0) and pi
i
n(X)
∼= piin(X, 0).
In pointed categories pi∗An (X,h) will be also denoted by pi
A
n (X,h).
4. Generalized Exact Homotopy Sequences
In [D-] a pair (X,Y ) is defined as a cofibration f : Y ֌ X . A morphism from
(X,Y ) to (X ′, Y ′) is a pair of morphisms (g, h) such that gf = f ′h. Cofibrations of
pairs are the morphisms (u, v) : (X,Y ) → (X ′, Y ′) with v and {f ′, u} : P{v, f} →
X ′ cofibrations. In this way the category of pairs cof C of a category with a
natural cone C is also a C-category. Therefore, concepts and results obtained in
the previous section are also available in cof C.
On the other hand, homotopy groupoids of cof C are related with respective
ones of C in the following sense:
a) If (f0, g0) ≃ (f1, g1) rel. (u, v) then f0 ≃ f1 rel. u and g0 ≃ g1 rel. v.
b) [(F0, G0)].[(F1, G1)] = [(F0, G0) ∗ (F1, G1)] = [(F0 ∗ F1, G0 ∗G1)].
In this way every generalized homotopy group in C can be also seen as a gener-
alized homotopy group in cof C:
Proposition 4.1. There is an isomorphism of groups
θn : pi
i
n+2(X,h)→ pi
(i1,1)
n+1 ((X,Y ), (fhρ, h))
for all pair (X,Y ).
Proof. If [(F,G)] ∈ pi
(i1,1)
n+1 ((X,Y ), (fhρ, h)) then (F,G)(in+2, 1n+2) = (Fin+2, G)
= ({fhρn+1Cin+1, fhρn}, hρn), so G = hρn. Therefore F ↔ [(F, hρn)] is an iso-
morphism of groups.

Definition 4.2. The (n+2)-th homotopy group relative to the cofibration i : B֌ A
of the pair (X,Y ) based on the morphism h : CA→ Y is
piin+2((X,Y ), h) = pi
(Ci,i)
n+1 ((X,Y ), (fhρ, h)), (n ∈ N)
Observe that (Ci, i) : (CB,B)֌ (CA,A) is a cofibration since {Ci, κ} = i1.
Next the exact homotopy sequence relative to a cofibration i : B ֌ A associated
to a pair (X,Y ) based on a morphism h : CA→ Y is given:
Theorem 4.3. The following sequence of groups is exact:
.....→ pii3(Y, h)
f∗
→ pii3(X, fh)
j1
→ pii3((X,Y ), h)
δ1→ pii2(Y, h)
f∗
→ pii2(X, fh)
where f∗ is the homomorphism of groups used in Proposition 3.4; jn = (1, 1)
∗θn,
with θn the isomorphism of groups given in Proposition 4.1 and (1, 1)
∗ is defined us-
ing the proposition 3.5 and the commutative square (1, 1)(Ci, i) = (i1, 1)(i, i), where
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i is the induced cofibration in the relative cone Σi; δn is defined by δn([(F,G)]) =
[G].
Proof. Clearly f∗, jn and δn are homomorphisms of groups by their definition.
- δnjn([F ]) = δn([(F, hρ
n)]) = [hρn].
- f∗δn([(F,G)]) = f∗([G]) = [fG] = [fhρ
n] since HCn+2κ : fhρn ≃ fG
rel. in+1, where H is an extension of the morphism {fhρn+2(C2i)n+1, F}
relative to the cofibration (Ci)n+2.
- jnf∗([F ]) = jn([fF ]) = [(fF, hρ
n)] = [(fhρn+1, hρn)] since:
If n is odd then (HC
n+3
2 κ, F ) : (fhρn+1, hρn) ≃ (fF, hρn) rel. (Ci, i)n+1,
where H is an extension of the morphism {fhρn+3Cn+4i, fFC
n+1
2 ρ,
fFC
n−1
2 ρ, fFC
n−3
2 ρ, ..., fFρ, fFCn+1ρ, fFCnρ, ..., fFC
n+1
2 ρ} relative to
the cofibration (Cin+3
2
)n+3
2
.
If n is even then (HC
n+4
2 κ, F ) : (fF, hρn) ≃ (fhρn+1, hρn) rel. (Ci, i)n+1,
where H is an extension of the morphism {fhρn+3Cn+4i, fFC
n+2
2 ρ,
fFC
n
2 ρ, fFC
n−2
2 ρ, ..., fFCρ, fFCn+1ρ, fFCnρ, ..., fFC
n+2
2 ρ, fhρn+2}
relative to the cofibration (Cin+2
2
)n+4
2
.
- If δ([(F,G)]) = [G] = [hρn] then there isH : hρn ≃ G rel. in+1. jn([KCκ]) =
[(KCκ, hρn)] = [(F,G)] since (K,H) : (KCκ, hρn) ≃ (F,G) rel. (Ci, i)n+1,
where K is an extension of the morphism {fhρn+2Cn+3i,
fH, fhρn+1, ..., fhρn+1, F} relative to the cofibration (Cin+1)1.
- If f∗([F ]) = [fF ] = [fhρ
n] then there is G : fhρn ≃ fF rel. in+1. Let
H be an extension of the morphism {fhρn+2Cn+3i, G, fhρn+1, ..., fhρn+1}
relative to the cofibration Cin+2, then δ([(Hκ,F )]) = [F ].
- If jn([F ]) = [(F, hρ
n)] = [(fhρn+1, hρn)]:
When n is even, taking (H,G) : (F, hρn) ≃ (fhρn+1, hρn) rel. (Ci, i)n+1,
(H1C
n+3κ)in+3 = {fhρn+2Cn+2i1, fG, fhρn+1, ..., fhρn+1, F}, where H1
is an extension of the morphism {fhρn+3Cn+4i, Fρ,H, fhρn+2, ...,
fhρn+2, FCnρ, FCn+1ρ} relative to the cofibration (Ci)n+3.
(H2C
n+2κ)in+3 = {fhρ
n+2Cn+1i2, fG, fhρ
n+1, ..., fhρn+1, F, fhρn+1},
where H2 is an extension of the morphism {fhρn+3Cn+3i1, Fρ,H1,
fhρn+2, ..., fhρn+2, FCnρ, FCn−1ρ} relative to the cofibration (Ci1)n+2.
(H3C
n+1κ)in+3 = {fhρn+2Cni3, fG, fhρn+1, ..., fhρn+1, F}, where H3
is an extension of the morphism {fhρn+3Cn+2i2, Fρ,H2, fhρn+2, ...,
fhρn+2, FCn−2ρ, FCn−1ρ} relative to the cofibration (Ci2)n+1.
(H4C
nκ)in+3 = {fhρn+2Cn−1i4, fG, fhρn+1, ..., fhρn+1, F, fhρn+1}, whe-
re H4 is an extension of the morphism {fhρn+3Cn+1i3, Fρ,H3, fhρn+2,
..., fhρn+2, FCn−2ρ, FCn−3ρ} relative to the cofibration (Ci3)n.
This process can be iterated to obtain a homotopy Hn+1C
3κ : fG ≃ F
rel. in+2.
When n is odd, the same process for a homotopy (H,G) : (fhρn+1, hρn)
≃ (F, hρn) rel. (Ci, i)n+1 gives Hn+1C3κ : fG ≃ F rel. in+2.

In pointed categories with a natural cone [D-] classical exact homotopy sequences
associated to a pair are obtained as generalized exact homotopy sequences taking
the morphism h = 0.
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5. Spherical Homotopy Groups
Every category with a natural cylinder and product is a category with a natural
cone and the same cofibrations [D-]. Therefore the category of topological spaces
with the topological cone has a structure of natural cone. This topological cone
is obtained as the pushout of the inclusion in the base of the cylinder with the
projection on a point. In this way the cone of the empty topological space is a
point. So the category of pointed topological spaces is a category under the cone
of an object, that obtains homotopy groups using spheres.
The development described above can be generalized for any category with a
natural cone:
The cone C∇ of any object ∇ behave like a point. Fixed an object ∇, C∗ is the
full subcategory of CC∇ whose objects, (X, x), are cofibrations x : C∇֌ X .
The cone functor C∗ : C
∗ → C∗ is defined by C∗(X, x) = (C∗X,Cx), where
C∗X = P{ρ, Cx} and given f : (X, x) → (Y, y), C∗f = 1 ∪ Cf : P{ρ, Cx} →
P{ρ, Cy}.
Every pointed object (X, x) has associated the trivial pushout diagram of the
object P{1, x}. However other pushout diagrams can be also associated to the
object (X, x): Any cofibration pushout diagram with induced cofibration x will be
considered a pushout diagram associated to (X, x).
Theorem 5.1. Cn∗ (X, x) = (P{ρ
n, Cnx},
(n
Cx), where
(0
Cx= x and
(n
Cx= C
(n−1
Cx is
obtained by iterated use of the functor C∗.
Proof. It is enough to observe that the following square diagram is a pushout:
Cn+1∇
ρn
//

Cnx

C∇

(n
Cx

CnX
ρCρ...Cn−1ρ
// Cn∗X
- Commutativity:
ρCρ...Cn−1ρCnx = ρCρ...Cn−1
(1
Cx Cn−1p =
= ρCρ...Cn−2
(2
Cx (Cn−2ρ)(Cn−1ρ) = ...
=
(n
Cx ρ(Cρ)....(Cn−2ρ)(Cn−1ρ) =
(n
Cx ρn
- Pushout property:
Given F : C∇ → Y and G : CnX → Y with Fρn = GCnx, then
Fρn−1Cn−1p = GCn−1(Cx), and there is {Fρn−1, G} : Cn−1(C∗X) → Y .
{Fρn−1, G}Cn−2CCx = {Fρn−1, G}Cn−1Cx = Fρn−2Cn−2ρ, and there
is {Fρn−2, Fρn−1, G} : Cn−2C2∗X → Y . This process can be iterated to
obtain the unique {F, Fρ, ..., Fρn−1, G} = {F,G} : Cn∗X = P{ρ
n, Cnx} →
Y .

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Natural transformations κ∗ : 1 → C∗ and ρ∗ : C2∗ → C∗ are defined by
κ∗(X,x) = 1 ∪ κX : (X, x) = P{1, x} → C∗(X, x) = P{ρ, Cx} and ρ∗(X,x) =
1 ∪ ρX : C2∗(X, x) = P{ρ
2, C2x} → C∗(X, x) = P{ρ, Cx}
Proposition 5.2. Given f : (X, x) → (Y, y), Cn∗ f = 1 ∪ C
nf : Cn∗ (X, x) =
P{ρn, Cnx} → Cn∗ (Y, y) = P{ρ
n, Cny}; κ∗Cn
∗
(X,x) = 1 ∪ κCnX : C
n
∗ (X, x) =
P{ρn, Cnx} → Cn+1∗ (X, x) = P{ρ
n+1, Cn+1x} and ρ∗Cn
∗
(X,x) = 1∪ρCnX : C
n+2
∗ (X, x) =
P{ρn+2, Cn+2x} → Cn+1∗ (X, x) = P{ρ
n+1, Cn+1x}.
Proof. 1 ∪ κCnX = {
(n+1
Cx , ρCρ...CnρkCnX}. So that (1 ∪ κCnX)
(n
Cx=
(n+1
Cx and
= (1 ∪ κCnX)1Cn
∗
X = ρκCn
∗
X since (ρκCn
∗
X)
(n
Cx= ρC
(n
Cx κC∇ =
(n+1
Cx ρC∇κC∇ =
(n+1
Cx and (ρκCn
∗
X)ρCρ...C
n−1ρ = ρCρ...CnρκCnX .
Hence the morphisms 1 ∪ κCnX : C
n
∗ (X, x) = P{ρ
n, Cnx} → Cn+1∗ (X, x) =
P{ρn+1, Cn+1x} and 1 ∪ κCn
∗
X : C
n
∗ (X, x) = P{1,
(n
Cx} −→ Cn+1∗ (X, x) =
P{ρ, C
(n
Cx} agree.
The other equalities are trivial by definition.

A morphism i : (B, b)→ (A, a) is called a pointed cofibration when i : B֌ A is
a cofibration in C.
Theorem 5.3. C∗, with the cone C∗, natural transformations κ∗, ρ∗ and the
pointed cofibrations, is a pointed category with a natural cone.
Proof. Observe that (C∇, 1) is an initial object with initial morphisms, x : (C∇, 1)֌
(X, x), pointed cofibrations; so every object is cofibrant. Clearly C∗(C∇, 1) =
(P{ρ, 1}, 1) = (C∇, 1).
Cone axiom: It is a simple verification.
Pushout axiom: Given a pointed cofibration i : (B, b) ֌ (A, a) and a
morphism f : (B, b)→ (X, x), then P{f, i} = (P{f, i}, x∪ a) with induced
morphisms f : (A, a) → (P{f, i}, x ∪ a) and i : (X, x) → (P{f, i}, x ∪ a),
where x∪a : C∇ = P{1, 1}֌ P{f, i} is a cofibration by Theorem 2.2 since
{a, i} = i : P{1, b} = B ֌ A. Note that i = 1 ∪ i : P{1, x}֌ P{1, x ∪ a}
is a cofibration.
P{C∗f, C∗i} = P{1 ∪ Cf, 1 ∪ Ci} = P{ρ ∪ ρ, Cx ∪ Ca} = C∗P{f, i},
with induced morphisms C∗f = 1 ∪ Cf and C∗i = 1 ∪Ci.
Cofibration axiom: Clearly 1(X,x) and the composition of pointed cofibra-
tions are pointed cofibrations. κ(X,x) = 1∪κX is a cofibration by Theorem
2.2 since x1 so is. Given a pointed cofibration i : (B, b)֌ (A, a), by NEP
in C there is r : CA → CB such that r(Ci) = 1. Then 1 ∪ r : C∗(A, a) =
P{ρ, Ca} → C∗(B, b) = P{ρ, Cb} is a retraction for C∗i.
Relative cone axiom. Given a pointed cofibration i : (B, b) ֌ (A, a),
{C∗i, κ∗} : P{κ∗, i} → C∗(A, a) will be denoted by i1∗ : (Σi∗, Cb ∪ a) →
C∗(A, a).
Σi∗ = P{1∪κ, 1∪i} = P{ρ∪1, Cb∪a} with induced morphisms κ∗ = 1∪κ
and i = 1 ∪ i˜, where i˜ is the induced cofibration by i in the pushout of
P{κ, i}.
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(1 ∪ i1)(1 ∪ κ) = 1 ∪ κ = κ∗ and (1 ∪ i1)(1 ∪ i˜) = 1 ∪ Ci = C∗i. So
i1∗ = 1 ∪ i1, that is a cofibration by Theorem 2.2 since {i1, Ca} = i1 :
P{Cb ∪ a, 1} = Σi֌ CA.

The concepts developed in pointed categories with a natural cone [D-] are also
available inC∗. They can be related with the respective ones of the original category
C.
Proposition 5.4. Given f : (X, x) → (Y, y), f ≃ 0 in C∗ if and only if f ≃ 0 in
C.
Proof. If F : f ≃ 0 in C∗ then Fρ : f ≃ 0 in C, where ρ is the induced morphism
in the pushout of C∗X .
If F : f ≃ 0 in C then {FCxCρ, F} : {yρ, f} ≃ 0, and by NEP there is an
extension H of the morphism {yρ, f} relative to the cofibration x1. {y,H} : f ≃ 0
in C∗.

Corollary 5.5. (X, x) ≃ 0 if and only if X ≃ 0.
Next pointed homotopy groups in C∗ will be stated as generalized homotopy
groups of C. A study about pushout diagrams associated to pointed objects is
necessary for it.
Proposition 5.6. If P{s, j} is a pushout diagram associated to (X, x) then Cn∗ (X, x) =
P{ρnCns, Cnj}.
Proof. It is enough to observe the following composition of pushouts:
CnS Cn+1∇ C∇
CnT CnX ĈnX
✲
Cns
✲
ρn
✲
Cns
✲
ρCρ...Cn−1ρ
❄
∨
Cnj
❄
∨
Cnx
❄
∨ (n
Cx

Corollary 5.7. Given g = 1 ∪ f : (X, x) = P{s, j} → (X ′, x′) = P{s′, j′}:
a) Cn∗ g = 1∪C
nf : Cn∗ (X, x) = P{ρ
nCns, Cnj} → Cn∗ (X
′, x′) = P{ρnCns′, Cnj′}.
b) κ∗Cn
∗
(X,x) = 1 ∪ κCnT : C
n
∗ (X, x) = P{ρ
nCns, Cnj} → Cn+1∗ (X, x) =
P{ρn+1Cn+1s, Cn+1j}.
c) ρ∗Cn
∗
(X,x) = 1∪ρCnT : C
n+2
∗ (X, x) = P{ρ
n+2Cn+2s, Cn+2j} → Cn+1∗ (X, x) =
P{ρn+1Cn+1s, Cn+1j}.
Proof. (a) 1 ∪ Cnf = {
(n
Cx′, ρCρ...Cn−1ρCns′Cnf}. So that:
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(1 ∪ Cnf)
(n
Cx =
(n
Cx′, and
(1 ∪ Cnf)(ρCρ...Cn−1ρ) = {
(n
Cx′ ρn, ρCρ...Cn−1ρCns′Cnf} =
= {ρCρ...Cn−1ρCnx′, ρCρ...Cn−1ρCns′Cnf} =
= ρCρ...Cn−1ρ{Cnx′, Cns′Cnf} =
= ρCρ...Cn−1ρ(1 ∪ Cnf) =
= (ρCρ...Cn−1ρ)Cng
(b) 1 ∪ κCnT = {
(n+1
Cx , ρCρ...CnρCn+1sκCnT }. So that:
(1 ∪ κCnT )
(n
Cx =
(n+1
Cx , and
(1 ∪ κCnT )(ρCρ...C
n−1ρ) = {
(n+1
Cx ρn, ρCρ...CnρCn+1sκCnT } =
= {
(n+1
Cx ρn+1κCn∇, ρCρ...C
nρCn+1sκCnT } =
= ρCρ...Cnρ{Cn+1xκCn+1∇, C
n+1sκCnT } =
= ρCρ...Cnρ(κCn+1∇ ∪ κCnT ) =
= (ρCρ...Cnρ)κCnX
(c) 1 ∪ ρCnT = {
(n+1
Cx , ρCρ...CnρCn+1sρCnT }. So that:
(1 ∪ ρCnT )
(n+2
Cx =
(n+1
Cx , and
(1 ∪ ρCnT )(ρCρ...C
n+1ρ) = {
(n+1
Cx ρn+2, ρCρ...CnρCn+1sρCnT } =
= ρCρ...Cnρ(ρCn+1∇ ∪ ρCnT ) =
= (ρCρ...Cnρ)ρCnX

Definition 5.8. A pointed cofibration u : (B, b)֌ (A, a) is said to have associated
a pushout cofibration when u = 1 ∪ i : (B, b) = P{s, j}֌ (A, a) = P{s, j′}, where
i : T ֌ T ′ is a cofibration verifying j′ = ij.
Observe that every pointed cofibration i : (B, b) ֌ (A, a) has an associated
pushout cofibration 1 ∪ i : (B, b) = P{1, b}֌ (A, a) = P{1, a}.
On the other hand, every object X can be considered as an iterated pushout
diagram: X = P{1X , 1X} = P{11X , 1X} = P{1
2
X , 1X} = ... = P{1
n
X , 1X}, where
10X = 1X and 1
r
X = 1X : X ֌ P{1
r−1
X , 1X}. In this way it is possible to define
curly braces or unions with domain the object X .
Theorem 5.9. Given a pushout cofibration 1 ∪ i : (B, b) = P{s, j} ֌ (A, a) =
P{s, j′} associated to a pointed cofibration u, the following square diagram is a
pushout:
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Σ(1S)n = Cn+1S C∇
Σin Σ
un∗
∗
✲
ρn+1Cn+1s
✲
ρCρ...CnρCn+1s ∪ ρCρ...Cn−1ρCns∪ (n+1........ ∪ρCρ...Cn−1ρCns
❄
∨
Cn+1j ∪Cnj′∪ (n+1........ ∪Cnj′
❄
∨(n+1
Cb ∪
(n
Ca ∪ (n+1........ ∪
(n
Ca
(n ∈ N∗ and C−1ρC0s = s)
such that un+1∗ = 1 ∪ in+1 : Σun∗∗ = P{ρ
n+1Cn+1s, Cn+1j ∪ Cnj′∪ (n+1........
∪Cnj′} → Cn+1∗ (A, a) = P{ρ
n+1Cn+1s, Cn+1j′}.
Proof. Commutativity: It is enough to observe that ρn+1Cn+1s∪ρnCns∪ (n+1........
∪ρnCns = ρn+1Cn+1s : Σ(1S)n = Cn+1S → P{1nC∇, 1C∇} = C∇.
Pushout property: Given F = {F, ..., F} : C∇ = P{1nC∇, 1C∇} → X
and {Gn+1, ..., G0} : Σin → X such that Fρn+1Cn+1s = {Fρn+1Cn+1s,
FρnCns, (n+1........, FρnCns} = {Gn+1C
n+1j,GnC
nj′, ..., G0C
nj′}. ThenGn+1C
n+1j =
Fρn+1Cn+1s and GiC
nj′ = FρnCns, 0 ≤ i ≤ n. By Proposition 5.6 there
are {F,Gn+1} : Cn+1∗ B → X and {F,Gi} : C
n
∗A → X . By Corollary 5.7
Cr∗κ∗ = 1∪C
rκ and Cn∗ u = 1∪C
ni, therefore the existence of the morphism
{Gn+1, ..., G0} allows to define the unique morphism {{F,Gn+1}, ..., {F,G0}} =
{F,Gn+1, ..., G0} : Σ
un∗
∗ = P{ρ
n+1Cn+1s, Cn+1j ∪ Cnj′∪ (n+1........ ∪Cnj′} →
X.
un+1∗ = {C
n+1
∗ (1 ∪ i), C
n
∗ κ∗, ..., κ∗} =
= {1 ∪Cn+1i, 1 ∪ Cnκ, ..., 1 ∪ κ} =
= {{
(n+1
Ca , ρCρ...CnρCn+1sCn+1i}, {
(n+1
Ca , ρCρ...CnρCn+1sCnκ},
...., {
(n+1
Ca , ρCρ...CnρCn+1sκ}} ≈
≈ {
(n+1
Ca , ρCρ...CnρCn+1s{Cn+1i, Cnκ, ..., κ}} =
= {
(n+1
Ca , ρCρ...CnρCn+1sin+1} = 1 ∪ in+1

Based objects are necessary to obtain pointed homotopy groups. Given a pushout
associated to a pointed object (A, a) with pointed base morphism α, then αs : T →
C∇ verifies αsj = s. Conversely, every morphism α : T → C∇ such that αj = s
gives a pointed base morphism 1 ∪ α : (A, a, α) = P{s, j} → C∇ = P{1, 1}.
(A, a, α) = P{s, j} will denote a base pointed object, where α : T → C∇.
Observe that 0-morphism is {x, xα} : (A, a, α) = P{s, j} → (X, x). Moreover a
pushout cofibration u = 1 ∪ i : (B, b, β) = P{s, j}֌ (A, a, α) = P{s, j′} is based
if and only if αi = β.
Theorem 5.10. Given a based pushout cofibration u = 1∪i : (B, b, β) = P{ρ(Cs), j}֌
C∗(A, a, α) = P{ρ(Cs), Cj′}, then
[(C∗A,Ca), (X, x)]
(u) ∼= [CT ′, X ]xβ(i)
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Proof. Given g : CT ′ → X , gCj′ = gij = xβj = xρ(Cs). Hence there is
{x, g} : C∗(A, a) = P{ρ(Cs), Cj′} → (X, x). The bijection θ : [CT ′, X ]xβ(i) →
[(C∗A,Ca), (X, x)]
(u) is defined by θ([g]) = [{x, g}].
θ is well defined since G : g0 ≃ g1 rel. i implies that {x,G} : C2∗ (A, a) =
P{ρ2C2s, C2j′} → (X, x) verifies {x,G} : {x, g0} ≃ {x, g1} rel. u.
Clearly θ is suprajective.
θ is injective since if G : {x, g0} ≃ {x, g1} rel. u then Gρ2C2s : g0 ≃ g1 rel.
i.

Corollary 5.11. Given a based pushout cofibration u = 1∪i : (B, b, β) = P{s, j}֌
(A, a, α) = P{s, j′}, then
piun∗((X, x))
∼= piin(X, xρ(Cα))
Proof.
piun∗((X, x)) = [C
n
∗ (A, a), (X, x)]
(un∗) ∼=
∼= [CnT ′, X ]x{ρ
nCnβ,ρn−1Cn−1α,...,ρn−1Cn−1α}(in) =
= [CnT ′, X ]xρ
nCnαin(in) =
= piin(X, xρ(Cα))
Given an extension µ of the morphism κρ(Cin−1) ∪ κ relative to the cofibra-
tion in, then µC
nj′ = (Cnj′ ∪ Cnj′)κρ and ρnCns = (ρnCns)κρ. Hence there
is 1 ∪ µ : Cn∗ (A, a) = P{ρ
nCns, Cnj′} −→ (C∗P{un−1∗, un−1∗}, un−1∗
(n−1
Ca ) =
P{ρnCns, Cnj′ ∪ Cnj′} verifying
(1 ∪ µ)un∗ ≈ (1 ∪ µ)(1 ∪ in) =
= 1 ∪ (κρ(Cin−1) ∪ κ) ≈
≈ ((1 ∪ κ)(1 ∪ ρ)(1 ∪ Cin−1)) ∪ (1 ∪ κ) =
= κ∗ρ∗Cun−1∗ ∪ κ∗
Therefore the bijection above is an isomorphism of groups.

Corollary 5.12. Given a based pointed object (A, a, α):
piAn∗((X, x))
∼= pian(X, xρ(Cα))
Corollary 5.13. The pointed exact sequence relative to the based pushout cofibra-
tion u = 1∪ i of the pointed pair ((X, x), (Y, y)) is isomorphic to the exact sequence
relative to the cofibration i of the pair (X,Y ) based on the morphism xρ(Cα)
The isomorphism of groups given in Corollary 5.11 let one to extend the definition
of pointed homotopy groups to pointed objects (X, x) where x be not a cofibration:
piun∗((X, x)) = pi
i
n(X, xρ(Cα))
In this way, although CC∇ has not, in general, a natural cone in the sense
described in this paper, it is possible to obtain homotopy groups of its objects, as
it occurs with topological spaces and pointed topological spaces.
Next, taking as example topological spheres, spherical objects are defined.
Definition 5.14. The 0-sphere of CC∇ is S0 = P{κ∇, κ∇}.
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Observe that (S0, κ, {1, 1}) is a based pointed object.
Definition 5.15. The n-sphere of CC∇ is Sn = Sn∗ (S
0, κ). [D-]
Remark 5.16. Note that, for n ≥ 2
piS
0
n∗((X, x)) = [S
n, (X, x)] = (Corollary 5.12) =
= piκn(X, {xρ, xρ})
∼= (pushout of definition of S0) ∼=
∼= piκ∇n (X, x)
Hence one can to extend the definition of piS
0
n∗((X, x)) for n = 1 by:
piS
0
1∗ ((X, x)) = pi
κ∇
1 (X, x)
Definition 5.17. piS
0
n∗((X, x)) are denominated Spherical Homotopy Groups of the
pointed object (X, x).
Remark 5.18. If C is a pointed category with a natural cone, then piS
0
n∗((X, x)) =
pi∇n+1(X, x).
If C has initial object ∅ and C∅ 6= ∅, then pi∅n+1(X, x) = pi
S0
n∗((X, x)) are
denominated Standard Spherical Homotopy Groups of the pointed object (X, x).
piS
0
1∗ ((X, x)) = pi
∅
2(X, x) is also denominated Fundamental Group.
In the category of topological spaces, the standard spherical homotopy groups
of a pointed topological space are the classical homotopy groups.
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